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I. INTR~DUCTIOR’ 
In a recent paper [2], Nazaroff introduced the notion of a fuzzy topological 
polysystem and attempted to develop several conclusions about such systems. 
His work is the first effort toward a fuzzification of the topological aspects of 
the optimal control of dynamical polysystems, as contributed by Halkin [l]. 
The purpose of the present paper is to refocus the main conclusions in [2]. 
In general, this paper follows the outline and notation of [Z], and occa- 
sionally reverts to [ 1, 31 for basic concepts. Section 2, which contains back- 
ground material for fuzzy sets and fuzzy topological spaces, is included for 
completeness. In Section 3, fuzzy topological polysystema are formalized. 
Section 4 contains a discussion of reachable set of events and boundary of a 
fuzzy set. In Section 5, a definition of an optimal solution for a fuzzy optimal 
control problem is given and a necessary condition for this is proved. 
2. PRELIMINARIES 
Let -Y be a set. A fuzzy set J in S is defined as a set of ordered pairs 
.-1 == ((x, ,u,~(x)): .tE X>, where pA(x) denotes the grade of membership of x 
in =1 through the mapping pa: -Y -+ [0, 11, the closed unit interval. 
DEFINITION 2.1. Let A and B be fuzzy sets in X with pcLA(x) and pa(x) 
their associated membership functions. In addition, let A” denote the com- 
plement of 4 and the symbols v and A denote the join (supremum) and meet 
(infimum), respectively, in [0, 11. Then for all x E X, 
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DEFINITION 2.2. If I is an index set and if for each i E I, -4, is a fuzzy set 
in X, then for all x E X 
c = u Ai 6 PC(X) = v bb&)>? 
I I 
D = n -4i ocLD(x) = /\ h4i(4~. 
I I 
Clearly, the membership functions for the empty fuzzy set IZI and the uni- 
versal fuzzy set X are TV a (ZC) = 0 and pr(x) = 1, respectively. If PA(x) E (0, l> 
for all x E X, then the fuzzy set A is called a crisp set. 
Note that there is a 1 : 1 correspondence between crisp sets and subsets 
of x. 
DEFINITION 2.3. Let E be a set. A fuzzy topological space is a pair (E, 8) 
where 6 is a family of fuzzy sets in E such that: 
(b) ifA,BE&,thenAnBE&; 
(c) if Ai E d for all i E I, then (JI At 6 E. 
The elements of d are called open fuzzy sets. A fuzzy set ,4 in E is closed 
iff ACE&. 
DEFINITION 2.4. Let A be a fuzzy set in a fuzzy topological space (E, 8). 
Then the interior of A, denote by A, is the union of all open fuzzy sets 
contained in A: 
A =U(G:GCAandGEG}. 
The closure of 8, denoted by A, is the intersection of all closed fuzzy sets 
containing A: 
2 = n(F: B CF andPEg}. 
The exterior of A, denoted by -4, is the union of all open fuzzy sets contained 
in AC: 
-4 = (J{G: GCk and GEE). 
Clearly, A and A = (a)c are in &. 
DEFINITION 2.5. A locally tailed fuzzy set of a fuzzy topological space 
(E, F) is a pair (T, V) such that: 
(a) T is a fuzzy set in E; 
(b) V is a binary relation on {e: e E T) that is transitive, antisymmetric, 
(viz. a f b and al76 5 b,Va) and irreflexive (viz. e,Ve, 3 e, + e,); 
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(c) if e E T and G E d such that e E G, then there exists 5~ G A T 
such that eVe. 
For example, given a fuzzy set T in a fuzzy topological space (E, 6’) and 
a real valued function f on T that does not attain a minimum on each G n T, 
where G E 6, we define e,Ve, iff f(e,) < f(e,). Then (T. L7) is a locally 
tailed fuzzv set. 
3. FUZZY TOPOLOGICAL POLYSYSTEMS 
Let E be a set whose elements may be considered as events. A time structure 
can be imposed on E by assuming E = X >: RI, where R1 denotes the real 
line, and by assuming a projection map, called a clock, of E into R1, which 
denotes the time of an event. 
Let r denote a binary relation on E such that e1re2 means the event e, 
follows the event e, . We assume that r is transitive, reflexive, antisymmetric 
and forward (viz. elrep and e,re, 3 esres or esres). If R is a set of such binary 
relations on E, then R is called a strategy set and its elements are called 
strategies. 
A fuzzy topological polysystem [2, p. 4811 is a triple (E, 6, R), where 
(E, 8) is a fuzzy topological space and R is a strategy set such that for all 
et , e, E E, -4 E &, r E R with elves and e, E -4, there exists B E & such that 
e, E B and B C (e’: eye’ and e E A). 
A fuzzy dynamical polysystem is a triple (E, 8, Ii), where (E, tl;, R) is a 
fuzzy topological polysystem such that for all e, , eZ , e3 E E and rt , ye E R 
with e,r,e, and esrsea , there exists Y E R with e1re2 and eZre3 . At the end of 
Section 4, we shall make an additional assumption concerning fuzzy dynamical 
polysystems. 
Consider the following example of a fuzzy topological polysystem that is 
not a fuzzy dynamical polysystem. This counters [2, Proposition 3.11. Let E 
be a set containing at least three members, let t: = { 5, E>, and let R = {I~, 1~1, 
where e,r,e, , earzes , and rl , t-s are reflexive. 
4. REACHABLE SET AND BOUND.'LRI 
From now on it is understood that the setting for the discussion is a fuzzy 
dynamical polysystem (E, d, R). 
If e, , eZ E E and Y E R with erre, , then the set 
t(e, , e2 , r) = {e: else) rl {e: ere,; 
is called the trajectory from the event e, to the event e, corresponding to the 
strategy r. 
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If e, E E, then 
K(e,) = (e: e,re for some r E Rj 
is called the reachable set from e, . If B is a fuzzy set in E, then 
MA) = &JA I;-@J 
is called the reachable set from R. 
Note that K(e,), K(A) and t(el , es, r) are crisp sets and that {e, , es> C 
t(eI , eB , r) C G4. 
PROPOSITION 4.1. [2, p. 4821 If e, E K(e), then K(e,) C K(e). 
Proof. The proof in [2] is valid, provided that faulty [2, Proposition 3.11 is 
replaced by an assumption, such as we have done in defining a fuzzy dynamical 
polysystem. 
PROPOSITION 4.2. If es, e4E t(e, , e2, Y), then the trajectory t(e,, e,, Y) 
or the trajectory t(e, , es , r) exists and is a subset of t(el , e2 , r). 
Proof First, es , e4 E t(e, , es , r) implies e1re3 and elreq . Since Y is forward, 
esre, or e4re3 . We assume e,re, , and thus, the trajectory t(e, , e4 , Y) is defined. 
IfeEt(e,,e,, r), then e,re. Since eire, and Y is transitive, it follows that erre. 
Similarly, eYep . Hence, e E t(e, , e, , r). 
As in [2], we shall proceed with a discussion of the fuzzy boundary ail of 
a fuzzy set nl. Apparently, [2] . d fi IS e cient in not defining &l. This motivated 
a careful study of &4 and its properties in [3]. 
DEFINITION 4.1. [3] Let R be a fuzzy set in a fuzzy topological space (E, 8). 
The fuzzy boundary of A, denoted by aA, is defined as follows. If 
?i n z == 0, then aA = o . Otherwise, aA = n (closed fuzzy sets D in E: 
pD(x) = p,&) if x E A n 3). 
PROPOSITION 4.3. [3] Let A be afuzzy set in a fuzzy topological space (E, 8). 
Then 
(i) A = A U aA. 
(ii) aA3 A n Z. 
Proof. (i) If x E 2 n z or if x $2, then paa(x) = pA(x). If x 4 2 n z 
and x E & then x $ z. Hence, x $ AC and so Pi = 1. Since A = (z)“, it 
follows that p;(x) = 1 = p,&). 
(ii) If x E A n z, then from Definition 4.1, it follows that p&x) = 
pa(x) 2 px(x) A pJ&). 
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PROPOSITION 4.4. Let A be a fuzzy set in a fuz.q topological space (E, 6 ). 
Then e E i?&d iffy; # 1 and PA(e) + 1. 
Proof. It sufficies to show that e E A n z. Since 3 = (-4)’ and p;(e) + 1, 
it follows that pL;l;(e) f: 0, and so e E z. Since A? = (Aj)C and pi(e) +- 1, it 
follows that p,<(e) # 0, and so e E -2. 
By the following example we shall show that the converse of Proposition 4.4 
is false. Let E = {e, , es}, let P..,(Q) = 1, pL.,(e,) -= 4 and 6 := (2 ? E, A)-. 
Then e, E i-,-l and pi(e,) = 1. 
Xext we shall show that the sufficient condition of [2, Proposition 4.21 
holds in every fuzzy topological space. Thus, [2, Proposition 4.21 is not valid 
for determining membership in a fuzzy boundary. 
PROPOSITION- 4.5. Let ,3 be a fuzzy set in a fuqv topological space (E, 6’) 
and let e E E. Then /L;(e) + 1 or pi(e) # 1. 
Proof. If /l,;(e) = 1, then PJe) = 1 and pAE(e) = 0. Hence, PA(~) == 0. 
By the following example, we shall show that [2, Proposition 4.31 is false. 
Let E = {el , e, , e,}, let R = (r), where elree and r is reflexive, and let 
G == (CT’, E, l:, Fe, W, dY, A] where 
) el e, e3 
._~~~___ - 
Then (E, 6, R) is a fuzzy dynamical polysystem and e, E t(e, , e, , I), but 
e, $ X(d). 
To overcome the dificulty of not having the result of [2, Proposition 4.31 
available, we will limit the type of systems that we will examine by requiring 
that each fuzzy dynamical polvsvstem satisfies the following assumption. If 
,g is a fuzzy set in E with e, E -4: eires and ea E BK(A), then t(e, , e,, r) C FK(-4). 
5. FUZZY OPTIMAL CONTROL PROBLEM 
A fuzzy control problem for the fuzzy dynamical polysystem (E, 6, R) is 
a quintuple (E, 6, R, S, T), where S and T are fuzzy sets in E. We call T 
the target and if e E T, then we call e a target point. For example, consider 
flying an attacking aircraft against a maneuvering pursued aircraft so as to 
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obtain a missile launch position. An envelope about positions of the quarry, 
both present and estimated for some time into the future, is a fuzzy set and 
thus, is a candidate for T. 
A solution for the fuzzy control problem (E, 8, R, S, T) is a triple (e, , es , Y) 
such that e, E S, es E T, Y E R and e,re, . 
A fuzzy optimal control problem for the fuzzy control problem (E, 8, R, 
S, I’) is a quintuple (E, 8, R, S, (T, I’)), where (T, I’) is a locally tailed fuzzy 
set of (E, 6). 
An optimal solution for the fuzzy optimal control problem (E, d, R, S, 
(T, V)) is a solution (el , e2 , t) of the fuzzy control problem (E, &, R, S, T) 
such that there is no solution (a ,4 , i) of the same fuzzy control problem 
with e2Ve2 . 
If 63 , e2 , r) is an optimal solution for a fuzzy optimal control problem, 
then the trajectory t(eI , e2 , Y) is called an optimal trajectory for this fuzzy 
optimal control problem. 
First, we show that if there is an optimal solution for the target point e, , 
then all other solutions for e2 are also optimal. 
PROPOSITION 5.1. If( e, , e2 , r) is an optimal solution for the fuzzy optimal 
control problem (E, 8, R, S, (T, V)), e, E S, r^ E R, and e$ee, , then (e3 , e2 , r^) 
is an optimal solution for (E, 8, R, S, (T, V)). 
Proof. Clearly, (ea , es , F) is a solution for the fuzzy control problem 
(E, 8, R, S, T). Supp ose (es, ea , r^) is not an optimal solution. Then there 
is a solution (.?r , e, , f) with ezVe, . We conclude that (e, , e2 , T) is not an 
optimal solution. 
Next, we show that some subsets of an optimal trajectory are optimal 
trajectories. 
PROPOSITION 5.2. If t(eI , e, , Y) is an optimal trajectory for the fuzzy 
optimal control problem (E, 6, R, S, (T, V)) and e, E S n t(et , es , r), then 
t(e, , e2 , r) is an optimal trajectory for (E, 8, R, S, (T, V)). 
Proof. Since es E t(eI , es , Y), it follows that care, . Then by Proposition 5.1, 
(es , ep , Y) is an optimal solution. Hence, t(e, , es, Y) is an optimal trajectory. 
Lastly, we show that an optimal trajectory lies in the fuzzy boundary of 
the reachable set from S. 
PROPOSITION 5.3. If (eI ,e2, r) is an optimal solution of the fuzzy optimal 
control problem (E, 8, R, S, (T, V)), then t(eI , e, , r) C H(S). 
Proof. By the assumption at the end of Section 4, if es E BK(S), then 
t(e, , e2 , Y) C aK(S). It remains to prove that e2 E X(S). By construction 
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es E K(S) C K(S). Supp ose ez $ UC(S). Then by Proposition 4.3(i), e, E k(S). 
By the assumption that (T, V) is a locally tailed fuzzy set of (E, Cp), there is 
p2 E k(S) f? T such that &Vez . In particular, 4 E K(S), and there is e; E S 
- -- and FE R with e,re, . Hence, (& ,4 , f) is a solution of the given control 
problem with c2Ve2 . This contradicts the optimality of the solution (e, , e2 , Y). 
REFERENCES 
I. H. HALKIN, Topological aspects of optimal control of dynamical polysystems, 
Contrib. Differential Equations 3 (1964), 377-385. 
2. G. J. NAZAROFF, Fuzzy topological polyspstems, J. Math. Anal. Appl. 41 (1973). 
478-485. 
3. R. H. WARREN, Boundary of a fuzzy set, communicated. 
4’=9/54i= 
